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Trigonometric ldentities and Their Verification
The Addition and Subtraction Formulas
Double-Angle and Half-Angle Formulas

The Product-Sum Formulas

Trigonometric Equations

expressions involve variables, constants, and algebraic operations. Trigonometric expressions involve these same
elements but also permit trigonometric functions of variables and constants. They also allow algebraic operations upon
these trigonometric functions. Thus,

M uch of the language and terminology of algebra carries over to trigonometry. For example, we have seen that algebraic

x+sinx  sinx+tanx 1_#
Sec”x
are all examples of trigonometric expressions.
The distinction between an identity and an equation also carries over to trigonometry. Thus, a trigonometric identity is
true for all values that may be assumed by the variable, but a trigonometric equation is true only for certain values of the
variable, called solutions. (Note that the solutions of a trigopnometric equation may be expressed as real numbers or as angles.)

As usual, the set of all solutions of a trigonometric equation is called the solution set.

465
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8.1 Trigonometric Identities and Their Verification
8.1a Fundamental Identities

In Section 7.4, we established the identity
sin? t+ cos” t=1 (1)
If cos t # 0, we may divide both sides of Equation (1) by cos® t to obtain

sin’t | cos’t _ 1
7, T 2 2
cos“t cos“t cos“t

or
tan’t+ 1 =sec’t 2
Similarly, if sin t # 0, dividing Equation (1) by sin” t yields

sin’t |, cos’t _ 1
ot T2
sin“t sin“t sin“t

or
cot’ t+1=csc®t 3)

Observe that tan t and sec t are undefined for exactly those values of t for which
cos t = 0. Similarly, cot t and csc t are undefined for those values of t for which
sin t = 0. It follows that Equations (2) and (3) are also identities. These identities,
together with those discussed in Section 7.4, are called the fundamental identities. We
summarize them in Table 8-1.

TABLE 8-1 Fundamental Identities

_ sint 1
tan t =007 sin®t+cos®t=1 tan = 557
_ cost
cott= -Gy tan?t+ 1 =sec’ t sint=1-cos®t
t= 1 2 2 2 s 2
CSCT="gnrt cot?’t+ 1 =csc®t cos’t=1—sin’t
l‘*i1 int=—+ 2 2
SeCt="ost SIN 1= "&5c7 tan®t=sec’t—1
t=-——+ t——l 2 2
COLL=tant COS L= act cot’ t=csc’t—1

The fundamental identities can be used to simplify trigonometric expressions
as well as to verify trigonometric identities. Such manipulations may enable us to
see relationships that would otherwise be obscured.

The preferred method of verifying an identity is to transform one side of the
equation into the other. Although we will use this method whenever practical, we
recognize that it is also acceptable to transform each side independently, with the
hope of arriving at the same expression and then showing that the process can be
reversed. This is often the technique used when both sides of the equation involve
complicated expressions.
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Unfortunately, we cannot present a specific set of steps that will “always work” to
transform one side into the other. In fact, there are often many ways to handle a given
identity. We will, however, demonstrate different techniques that we have found to be
of value. We list the following suggestions on how to proceed, with examples to follow.
1. Factoring may help to simplify an expression.

2. It is often helpful to write all of the trigonometric functions in terms of sine
and cosine.

3. Consider beginning with the more complicated expression and perform some
of the indicated operations.

4. 1If you have the ratio of two trigonometric functions, it may be worthwhile
to multiply both numerator and denominator by some trigonometric expres-
sion to obtain forms such as 1 —sin? 8, 1 — cos? 8, or sec? 8 — 1, which can be
further simplified.

EXAMPLE 1  Using Trigonometric Identities

Simplify the expression sin® x + sin® x tan? x.

SOLUTION
We begin by noting that sin® x appears in both terms, which suggests that we
factor.

sin” x + sin” x tan” x = sin® x (1 + tan* x)  Factoring

=sin® x sec® x 1+ tan? x = sec? x
2 __1
=sin X<c052x> SeC X = woox
_ 2 sinx _
=tan” x Cosy — tanx
— <¢ ) Progress Check —
Simplify the expression %.
Answer
sin 4
\ —

EXAMPLE 2  Verifying an Identity

Verify the identity
1—sina

. Cain2 o —
sSin @ — SIn”~ a csca

SOLUTION
sin @ — sin®? ¢ = sin ¢ (1 — sin @)

_1-sina
csca
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<¢’ Progress Check

Verify the identity
sin?y — 1 PR
1—siny — sy

When verifying identities, we are trying to show that equality holds. Since add-
: ing, subtracting, multiplying, and dividing both sides on an equation are prop- :
: erties that only hold for equality, we cannot use those when verifying identities. :

EXAMPLE 3  Verifying an Identity

Verify the identity cos x tan x csc x = 1.

SOLUTION

_ sinx 1
COos x tan x csc x = COSX(COSX)( sinx)
=1

( ’ Progress Check

Verify the identity sin x sec x = tan x.

EXAMPLE 4  Verifying an Identity
Verity the identity

1 1 _ 2
T—sinx « 1+sinx _ 2 5€C X
SOLUTION
We begin with the left-hand side, combining fractions.
1 I 1 _ _1+sinx+1—sinx
1-sinx 1+sinx = (1—sinx)(1+sinx)
-2
1—sinx
__2
cos?x
=2 sec’ x

( ’ Progress Check

Verify the identity cos x + tan x sin x = sec x.
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EXAMPLE 5 Verifying an Identity

Verify the identity

% =secd+tan 6§
SOLUTION
To obtain the expression 1 — sin® # in the denominator, we multiply numerator
and denominator by 1 + sin 0.

r<%ng ~ (T5%me (TH5mg)

cosf(1+sinf)
1—sin%6
_ cosf(1+sinf)
cos0
_1+sind
cosf

__1 sind
cosf  cosf

=secd +tan @

<¢, Progress Check

Verify the identity

1+ cost sint

sint 1+cost:2CSCt

EXAMPLE 6 Verifying an Identity

Verify the identity

cotu—tanu
sinu cosu

=csc® u —sec’ u

SOLUTION

We transform both sides of the equation by writing all trigonometric functions in
terms of sine and cosine. For the left-hand side, we have

cosu _ sinu
cotu—tanu _ sinu  cosu

sinucosu sinu cosu

_ cos’u—sin’u
sin®u cos’u
and for the right-hand side, we have
1 1

sinu cos’u

csc? u —sec® u =
_ cos*u—sin’u
sin’u cos®u
We have successfully transformed both sides of the equation into the same expres-
sion. Since all the steps are reversible, we have verified the identity.
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(%’ Progress Check

Verify the identity
sinx+cosx _ _ cos’x

tan’x—1  sinx—cosx
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Exercise Set 8.1 mssssssssssEE————————

In Exercises 1-46, verify each of the identities. 31. cos (—t) csc (—t) = —cot t
1. cscy —cosy coty =siny 32. sin (—0) sec (—0) = —tan 0
. COt X sec X =CsC x secx+csex _
e 33. T+ tanx CSC X
_ sinv
. secv+tan v=—o 44, _seCU

. secu—1 " 1—cosu
. cos @+ tan @ sin 6 = sec 6

35 l1+tanx _ secx
" 1+cotx  cscx

. secf—cos B=sin B tan 2_ 1+sinu
36. (tan u + sec u) T—sinu

2
3
4
5. sinaseca=tan «
6
7. 3—sec®x=2—tan*x
8

1—sint _ 2
37. 5= (sect—tant
. 1-2sin’t=2cos’t—1 T+sint ( )
2 49 _ 4
. Seczy—tany-l-coty 38. 2cscf —csc*f=1—cot* 0
. = .2
tany 39. . smlzv ——tan’w
cos*w+ cos“wsin“w

sinx+cosx _
10. = cosx 1+tan x

sinz+tanz
. 40. S
11, sinu , cosu _ 4 1+cosz
T cscu | osecu

=tan z

tan? 41 secy —cscy  tany—1
an“a  _ _ csecytcscy ~ tany+1
12. T+secq — Seca 1 4 7 4

sec’0—1

42 cotx—1 _ cscx

13. =sinZ @ " 1—tanx =~ secx

sec*d tany —sin sin?
14. sin* x + 2 sin® x cos® x + cos* x = 1 43. tény F= 1+co7s/7
15. cos 7 + cos y tan” y = sec y 44. cos* u —sin* u = cos® u — sin” u

1 .
16. w——F——F—=cosusinu CSCx _ __CSCX _ 2
tanu + cotu 45. 1+cscx 1—cscx 2 sec” x

secwsinw_ _ . 2 -3 30— (1 _ o .
17. Gowtcotw = Sin”w 46. sin® @ + cos® 8 = (1 — sin 6 cos 8)(sin 8 + cos 0)
18. (1 —cos®? B)(1 +cot? B) =1 In Exercises 47-52, show that each of the equations

is not an identity by finding a value of the variable
for which the equation is not true.

=tan’u 47. sin x = 41— cos®x
sectv+1 48. tan x = ysec®?x—1

19. (sin @ + cos @)? + (sin @ — cos @)?> = 2

1+ tan’u

20.
csc’u

21. sec? v+ cos?v=

sec?y . 2_ w2 2
22 sin? O — tan’ O — —tan? 6 sin? 6 49. (sin t+ cos t)* =sin” t + cos” t
. sin* 0 — tan? § = —tan” @ sin

sin’a 50. sin 8 + cos 8 = sec O + csc 0
23. == ——=1—-cosa

1+ cosa 51. ycos®x = cos x
24. cot x sin? x = cos x sin x

) 52. ycot’x = cot x
95 _COSt 1—sint
* 1+sint cost

sin 8 1+cospB

26. 1+cosp sinf8 =2oscp
29
27. csc2 0 — 50
sin%0
2

cos’u  _ .
28. T=sinu 1+sinu

coty
29. ——5—=sin y cos

1+ cot?y ycosy

2

0. 1+tan“x = csc? x

tan®x
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FIGURE 8-1

The Derivation of
cos (s—1)

8.2 The Addition and Subtraction Formulas

The identities that we verified in the examples and exercises of Section 8.1 were,
in general, of no special significance. We were primarily interested in demon-
strating manipulation with the fundamental identities. There are, however, many
trigonometric identities that are indeed of importance. These identities are called
trigonometric formulas.

Our objective in this section is to develop the addition formulas for sin (s + f),
cos (s + 1), and tan (s + t), as well as the subtraction formulas for sin (s — t), cos (s — t),
and tan (s — 1).

We begin with the derivation of cos (s — t). For convenience, assume that s, ,
and s — tare all positive and less than 27. Let P, = P(s), Q, = P(t), and P, = P(s — t) be
the points on the unit circle determined by s, t, and s — t, respectively, as shown in
Figure 8-1. Then Q,P,Q,P, =s, Q,P,Q,=t, and @ =s—t. From Section 7.3, we
know that the coordinates of P}, Q,, and P, are P, = P(cos s, sin s), Q, =P(cos t, sin t),
and P, = P(cos (s — t), sin (s — t)). Since the length of the arcs @ and az_P\z are

both equal (length of s — t), the length of the chords Q, P, and Q, P, are also equal.
By the distance formula, we have

QP =Q,P,

V(coss—cost ) +(sins—sint ) = y[cos(s—t)— 1P +[sin(s—t)— 0

Squaring both sides and rearranging terms, we have

sin? s + cos® s +sin® t + cos’ t — 2 cos s cos t — 2 sin s sin t
=sin®(s—1t) +cos®>(s—t)—2cos(s—1t)+1

P,(cos (s - 1), sin (s - 1))

Q,(cos t, sin 1) $

P (cos s, sin s)

Since sin® s + cos? s = 1, sin® t + cos® t = 1 and sin? (s — t) + cos? (s — t) = 1, we have
2—2cosscost—2sinssint=2-—2cos (s—1t)

Solving for cos (s — t) yields the formula
cos (s —t) = cos s cos t + sin s sin t (1)

We obtain the formula for cos (s + t) by writing
stt=s— (-1
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Therefore
cos (s + 1) =cos (s — (—1))
= cos s cos (—t) + sin s sin (—t)
Since cos (—t) = cos t and sin (—t) = —sin t,

cos (s + 1) =cos s cos t—sin s sin t (2)

EXAMPLE 1  Using the Subtraction Formula

Find cos 15° without using a calculator.

SOLUTION

Since 15° = 45° — 30°, we may use the formula for cos (s — t) to obtain
cos 15° = cos (45° — 30°)
= cos 45° cos 30° + sin 45° sin 30°

_J2 V3 V2 1
2 2 2 2
/6442
4

(%’ Progress Check

Redo Example 1 using 15° = 60° — 45°.

EXAMPLE 2  Using the Addition Formula

Find the exact value of cos %

SOLUTION
We note that 3% =37 + 37 =T 4+ T Then
cos% cos(%+%)

=cos%cos%—sm%sm%
_J/3 V21 42
-2 2 2° 2
_J/6-v2
- 4

</’ Progress Check
I 4

Redo Example 2 using the identity % =47 — 12~
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We may now establish the following relationships:

Cofunctions
cos (%—t)zsint 3)
sin (%—t)zcost (4)
tan (%—t)zcott 5)

As we stated in Section 7.2, sine and cosine are cofunctions, as are tangent and cotan-
gent, and secant and cosecant. We now verify them for all real numbers or angles here.
Using the subtraction formula for cosine, we have

cos (%—t)zcos%cos t+ sin%sin t

=0-cost+1sint
=sint

which establishes the identity in Equation (3). Replacing t with 5 — t in this iden-
tity yields
T_(Z —sin(E—
cos |5 ~(F—1)]=sin(F 1)
cos t = sin (%— t)

which establishes the identity in Equation (4). The third identity follows from the
definition of tangent and from Equations (3) and (4).

(T
sm(——t)
/4 2 cost
tan (5 —t)= =-any —cott
(2 ) cos(%—t) sint
We will now prove the identity in Equation (6). (We leave the proof of
Equation (7) as an exercise.)

sin (s + t) = sin s cos t + cos s sin t (6)

sin (s —t) =sin s cos t — cos s sin t (7)

From Equation (3),
sin (s + t) = cos [%—(Ht)]

- cos[(3-4) 1
= Cos (%—s)cos t+sin (%—s)sint
=sin scos t+ cos s sin t

We conclude with the proof of the identity in Equation (8). (We leave the
proof of Equation (9) as an exercise.)

_ tans+tant

tan (s + ) = 1—tanstant ®)
. _ tans—tant

tan (s — ) = 1+tanstant ©)
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sin(s+t)
cos(s+t)

_ sinscost+cosssint
cosscost—sinssint

tan (s +1t) =

(sins ) cost) (coss ) sint)

_\coss cost COss cost
(Coss‘cost)_(sins'sint)
Coss cost Coss cost

_ tans+tant

1—tanstant

EXAMPLE 3  Applying the Addition Formula
Show that sin <x + 37”) = —(COS X.
SOLUTION
sin (x +3T7T> = sin x cos 32 + Cos x sin 32”

= (sin x) 0 + (cos x)(—1)

= —COS x

< ’ Progress Check

Verify that tan (x — 7) = tan x.

EXAMPLE 4 Using the Addition Formula

Given sin a = —%, with @ an angle in quadrant III, and cos 5 = —15—3, with A an
angle in quadrant II, use the addition formula to find sin (¢ + ) and the quadrant
in which a + B lies.

SOLUTION
The addition formula
sin (¢ + B) =sin @ cos B + cos @ sin B

requires that we know sin ¢, cos ¢, sin 8, and cos £. Using the fundamental iden-
tity sin® @ + cos? @ = 1, we have
2,1 _cinZy—1_16_9
cos“a=1-sin"a=1 75 =35
Taking the square root of both sides, we must have cos ¢ = —% since « is in quad-
rant III. Similarly, ’s 144
2 p 12— —
sin“f=1—-cos“ =1 1690 — 169

Taking the square root of both sides, we must have sin 3 = 1% since B is in quad-

rant II. Thus,
sin (@ + ) = (—%)<_15_3) n (_§>(%)

_20 _36 __16

65 657 65
Since sin (a + f) is negative, @ + £ lies in either quadrant III or quadrant IV. How-
ever, the sum of an angle that lies in quadrant III and an angle that lies in quad-
rant II cannot lie in quadrant III. Thus, @ + A lies in quadrant IV.
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L

metry

— <¢’ Progress Check —

Given cos a = —%, with @ in quadrant III, and cos 8 = %, with £ in quad-
rant I, find cos (¢ — 4) and the quadrant in which « — 8 lies.

Answers
—%, quadrant II
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Exercise Set 8.2

In Exercises 1-6, show that the given equation is
not an identity. (Hint: For each equation, find val-
ues of s and f for which the equation is not true.)

1.

.@‘SJ‘.*';.W_N

cos (s —t) =cos s — cos t
sin (s+t) =sins+sint

sin (s—t) =sins—sin t

)
cos (s +1t) =cos s+ cost
tan (s+t)=tans+tant
tan (s—t)=tans—tant

In Exercises 7-22, use the addition and subtraction
formulas to find exact values.

7.

9.

11. ¢
13. t

15.

17.

19.
21.

COS(%-F%) 8. sin(%—%)

sin ( ) 10. cos (%—%)
os (30° + 180°) 12. tan (60° + 300°)
n (300° — 60°) 14. sin (270° — 45°)
11z 7

sin <+ 12 16. tanﬁ
7

cos 1o 18. tan 75

sin 767T 20. cos —%4 5”

tan 15° 22. tan 165°

In Exercises 23-28, write the given expression in
terms of cofunctions of complementary angles.

23.
235.

27.
29.

30.

31.

32.

33.

sin 47° 24. cos 78°
tan % 26. tan 84°
/s : caqy
cos 3 28. sin 72°30
If sin t = —%, with t in quadrant III, find
sin (5 —1).
If cost= —%, with t in quadrant I, find
sin (t — 7).

If tan # = 3 and angle 4 lies in quadrant III,
find tan (0 + %)

If sec 8 = 3 and angle 0 lies in quadrant I, find
sin (6 +¢).
If cos t = 0.4, with t in quadrant IV, find

tan (t+ 7).

34.

35.

36.

37.

38.

If sec = 1.2 and angle « lies in quadrant IV,
find tan (¢ — 7).

If sins = % and cos t = —%, with s in quad-
rant II and t in quadrant III, find sin (s+1).

If sins = —% and csc t= 173, with s in quadrant
IV and t in quadrant II, find cos (s — t).

If cos a = % and tan £ = —2, with angle ¢ in
quadrant I and angle /8 in quadrant II, find
tan (a + ,8)

If seca= 3 and cot 8 = 8 , with angle ¢ in

quadrant IV and angle 3 in quadrant III, find
tan (¢ — B).

In Exercises 39-54, prove each of the following
identities by transforming the left-hand side of the
equation into the expression on the right-hand side.

39.
40.

41.

42.
43.

44,

45.

46.
47.

48.

49.

50.

S1.
S2.

53.

54.

sin 2a = 2 sin @ cos @
cos 2t = cos® t — sin® t

tan 2a=2ta7na2z
1—tan“«a
sin (x +y) sin (x — y) =sin? x —sin®

cos (x —y) cos (x +y) = cos® x cos® y — sin® x sin® y

sin(s+1f) _ tans+tant
sin(s—t) tans—tant
TN _
csc(t+ 2)—sect
tan (@ +90°) = —cot «
1+tanx
tan (x+ ) 1—tanx
csc (t—m) =—csct
_ l+tanstant
cot (s —1) = tans—tant
cotucotv—1
cot (u+v) = cotu + cotv
sin (s+t) +sin (s—t) =2 sin s cos t
cos (s+1t) +cos (s—t) =2 cos s cos t
. SR —si 3 )
sin (x Z) sinx :Sinx< COSZ 1 )+Cosx( slzh)
Th)— 7 )
cos(x Z) COSX:COSX( COSZ 1>—sinx( 512h>
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8.3 Double-Angle and Half-Angle Formulas
8.3a Double-Angle Formulas

Our initial objective in this section is to derive expressions for sin 2t, cos 2t, and
tan 2t in terms of trigonometric functions of t. We will establish the following
double-angle formulas.

sin 2t = 2 sin t cos t (1)

cos 2t = cos? t — sin’ t )
2tant

tan 2t = —————— 3

an 1—tan’t )

To establish Equation (1), we rewrite 2t as (t + t) and use the addition formula.
sin 2t =sin (t + t)
=sin tcost+ cos tsin t
=2sintcost
We proceed in the same manner to prove Equation (2).
cos 2t=cos (t+t)
=costcost—sintsint
=cos® t —sin* t
Using the addition formula for the tangent function yields a proof of Equation (3).
tan 2t =tan (t+t)

tant+tant
1—tanttant

2tant
1—tan?t

EXAMPLE 1  Using the Double-Angle Formulas

If cost= —% and P(t) is in quadrant II, evaluate sin 2t and cos 2t. In which quad-
rant does P(2t) lie?

SOLUTION

We first find sin t by use of the fundamental identity sin? t + cos® t = 1. Thus,

2 9
sin t+25—1

2, 16
sin“ t= 55
Since P(t) is in quadrant II, sin t must be positive. Therefore,
sint= %

Applying the double-angle formulas with cos t = —% and sin £ = %, we have
sin 2t=2sintcos t= 2(%)(—%) = —%
9

22— 9 16 _ 7
cos 2t = cos” t — sin t—25 S

Since sin 2t and cos 2t are both negative, we conclude that P(2t) lies in
quadrant III.
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— (/’ Progress Check .

If sin 6 = 5 and @ is in quadrant I, evaluate sin 26 and tan 26.

Answers

; _ 120 _ 120
sin 20 = 169 tan 20 = 119

L —

EXAMPLE 2  Using the Addition and Double-Angle Formulas

Express sin 3t in terms of sin t and cos t.

SOLUTION
We write 3t as (2t + ). Then

sin 3t=sin (2t + t)
=sin 2t cos t + cos 2t sin t
=2sin tcos t cos t+ (cos® t — sin? t) sin t
=2 sin t cos® t + sin t cos® t — sin® t

=3sintcos®t—sin®t

— <¢, Progress Check .

Express cos 3t in terms of sin f and cos t.

Answer

cos 3t=cos® t — 3 sin® t cos t
\ —

If we begin with the formula for cos 2t and use the fundamental identity
cos? t =1 —sin® t, we obtain
cos 2t = cos® t — sin® t
=(1-sin%t) —sin’t
=1-2sin’t
Similarly, replacing sin® t by 1 — cos?® t yields
cos 2t = cos® t — sin” t
=cos’t— (1 —cos’t)
=2cos*t—1

We then have two additional formulas for cos 2t.

cos2t=1-—2sin’t (4)
cos 2t=2cos’t—1 (5)
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EXAMPLE 3  Using Double-Angle Formulas in Verifying an Identity

Verify the identity
1—cos2a

2sinacosa tan o

SOLUTION

Substituting cos 2a = 1 — 2 sin* @, we have

1-cos2a _ 1—-(1-2sin’a)

2sina cosa 2sina cosa

2sin’a
2sina cosa

_ sina
cosa

=tan «

(/’ Progress Check

Verify the identity
. Jsri;%ze = cotd
Note that
: SINZL 2 Sin ¢
From Equation (1),
: sirEZt _ Zsinécost — sin f cos t

8.3b Half-Angle Formulas

If we begin with the alternative forms for cos 2t given in Equations (4) and (5), we
can obtain the following expressions for sin® t and cos” t. The expressions are often
used in calculus.

sin? ¢ = L= 60828 ©6)
cos’ t= H+M (7)

We will use the identities in Equations (6) and (7) to derive formulas for sin %,
cos %, and tan % Substituting s = 2t into Equations (6) and (7), we obtain

.28 _1—coss
sin“ 5 =———

28 _ 1—coss
cos” > >
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Replacing s with t and solving, we have

= t
=4,/ = 5% (8)

t _ 1+cost
cosj—ia/iz 9)

The appropriate sign to use in Equations (8) and (9) depends on the quadrant
in which P(é) is located. Thus, sin % is positive if P(%) lies in quadrant I or II.
Similarly, we choose the positive root for cos + in Equation (9) if P(5 ) lies in
quadrant I or IV.

Using the identity

Do~

sin

sin
tan% = %
Cos
we obtain
t 1—cost (10)

Formulas (8), (9), and (10) are known as the half-angle formulas.

Applying the Half-Angle Formulas

Find the exact values of sin 22.5° and cos 112.5°.

SOLUTION
Applying the half-angle formulas with 22.5° = % , we have

sin 22.5° =sin %

V2
[1—cosd5 _ _ . [1-"%
2 2

2-y2
2

Note that we chose the positive square root since 22.5 is in the first quadrant and
the sine function is positive in the first quadrant. Similarly,

cos 112.5° = cos %

__ /1+cos225
2
_ [1-cosds _ [1-%F
2 2

2 —
2
The negative square root was selected since 112.5° is in the second quadrant and
the cosine function is negative in quadrant II.

N

H 481
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— <¢’ Progress Check —

Use the half-angle formulas to evaluate tan %”.

Answer
V2 +1
. R
EXAMPLE 5 Applying the Half-Angle Formulas
If sin 0 = —% and 4 is in quadrant III, evaluate cos %
SOLUTION
We first evaluate cos 8 by using the identity
20— 1_«in2f=1—2 _16
cos”f=1-sin“0= 55 = &
Since @ is in quadrant III, cos @ is negative. Thus, cos 6 = —%. Note that since

180° < § < 270°, we see that 90" < % <135°. Thus, % is in quadrant II and cos % is
negative. We can now employ the half-angle formula

6 __ /1+cosd
Cos 5 ==/~
4
V-
2
_¥10
0

1

— (/’ Progress Check —

Iftan o = % and « is in quadrant 111, evaluate tan 5.

Answer

-3
\ I
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Exercise Set 8.3 eSS

In Exercises 1-12, use the given conditions to de-
termine the value of the specified trigonometric
function.

1. Ifsinu= % and P(u) is in quadrant II, find
cos 2u.

2. Ifcosx= —157, and P(x) is in quadrant III, find
sin 2x.

3. If sec @ =—2 and « is in quadrant II, find
sin 2a.

4. If tan @ = 3 and @ is in quadrant I, find cos 26.

5. Ifcsct= —% and P(t) is in quadrant IV, find
tan 2t.

6. If cotf= % and g is in quadrant III, find
cot 28.

7. If sin 2a = —% and 2« is in quadrant 1V, find
sin 4a.

8. If sec 5x = —% and P(5x) is in quadrant III,
find tan 10x.

9. If cos % = % and % is acute, find cos 6.

10. If csc 5 = —%3 and P(%) is in quadrant IV,
find cos t.

11. If sin 42° = 0.67, find cos 84°.

12. If cos 77° = 0.22, find cos 154°.

In Exercises 13-18, use the half-angle formulas to
find exact values for each of the following.

13. sin 15° 14. cos 75°
T ST

15. tan 3 16. sec 3
. r

17. csc 165 18. cotﬁ

In Exercises 19-26, use the given conditions to de-
termine the exact value of the specified trigono-
metric function.

19. If sin @ = —% and @ is in quadrant 1V, find
cos %
20. If cos # = % and 0 is in quadrant I, find sin %,

21. If sec t =—3 and P(t) is in quadrant II, find
t

sin 5.

22. Iftan x = % and P(x) is in quadrant 111, find
Cos 5.

23. If cot B = % and g is in quadrant III, find
tan 5.

24. If csca = % and « is in quadrant II, find
tan 5.

25. If cos 4x = % and P(4x) is in quadrant IV, find
Cos 2x.

26. If sec 6a = —% and 6« is in quadrant III, find
sin 3a.
In Exercises 27-46, verify the identity.
27. sin 50x = 2 sin 25x cos 25x
28. (sin 8 + cos 8)*> =1 + sin 20
2coty
cscy—2
30. 2 sin® 2t + cos 4t =1

29. tan 2y =

31. sin 4 = 4 sin @ cos® @ — 4 sin® @ cos ¢

32. cos4 B=1-8sin® B cos® B

_ 2

33. cos Zuzltianzu
1+tan“u
2tand

34. sin 20 = T+ tan2d

.t t _ sint
35. sin - cos 5 =5

Y _
36. tan 5 =cscy —coty
; _ a _ a
37. sin @ — cos a tan ) =tan 5
1-cos2B .
38. 1+ cos2p =tan” B

39. cos? x — sin* x = cos 2x

40 sin2t  cos2t

sint cost _sect
41. 124_?% =sin 2 «
2 X _ tanx+sinx
42. cos > > tan x
2
sec’t

43. sec 2t=—"—"""——

2 —sec’t

44. cos 2t + cot 2t = cot 2t (sin t + cos t)?

t _ 1—cost
45. tan 7= " sinf

t _ sint
46. tan 2 1+cost

In Exercises 47-50, find the requested value.

47. sin (2arccos%) 48. cos <251n_1%)

49. tan <2arcsin%) 50. cos <2arctan%)
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8.4 The Product-Sum Formulas

The objective of this section is to derive formulas that can transform sums of sines
and cosines into products of sines and cosines, and vice versa. We use the word
“sum” in a more general way to include the word “difference,” since subtraction
can be thought of as adding a negative quantity.

The following formulas express a product as a sum.

Product-Sum Formulas

sin(s+t)+sin(s—t)
2

sin s cos t = (1)
o 6 i e sin(s+t);sin(s—t) @
N Cos(s+t)J2rcos(s—t) 3)
Sl 6 G cos(s—t);cos(ert) @)

To prove the identity in Equation (1), we begin with the right-hand side of the equation.

sin(s+t)+sin(s—t) (sinscost+cosssint)+(sinscost—cosssint)
- 2

_ 2sinscost
2

=sinscost

The proofs of the identities in Equations (2), (3), and (4) are very similar.

EXAMPLE 1  Applying the Product-Sum Formulas

Express sin 4x cos 3x as a sum or a difference.

SOLUTION
Applying Equation (1), we obtain

i +3x)+si —
sin 4x cos x = sin(4x +3x) ; sin(4x —3x)

_sin7x+sinx
- 2

— (/’ Progress Check —

Express sin 5x sin 2x as a sum or as a difference.

Answer

%( CcOs3x —Ccos7x)
. I
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EXAMPLE 2  Applying the Product-Sum Formulas

Evaluate the product cos 58 cos “g- by using a product-sum formula.

SOLUTION
Using Equation (3), we have

w
ool

cos 58 cos 3L Z[Cos<?ﬂ+ )+COS<%_3T”>]

= %[COST[-FCOS%]

R

— <¢’ Progress Check —

Evaluate cos 5 sin ¢ by a product-sum formula.

Answer
1

\4

The following formulas express a sum as a product.

Sum-Product Formulas

51ns+51nt—251n55tcos Sgt (5)
s1ns—51nt—2cossgt51n Sgt (6)
COS s + cos t—Zcoss—ertcos%t (7)
cos s — cos t =—2 sin SertsmSEt 8)

To prove the identity in Equation (5), we begin with the right-hand side and apply
Equation (1). Then

2 sin Sert costhz{%[sin(strt+S£t)+sin(sgt—sgt)]}

=sins+sint

This establishes Equation (5). The other identities are established in a similar
fashion.



486 M Chapter 8 Analytic Trigonometry

EXAMPLE 3  Applying the Product-Sum Formulas
Express sin 5x — sin 3x as a product.
SOLUTION

Using Equation (6), we have
Sx+3x in Sx—3x

sin S5x — sin 3x = 2 cos 7 si 5

= 2 cos 4x sin x

— <¢’ Progress Check

Express cos 6x + cos 2x as a product.

Answer
2 cos 4x cos 2x

L

EXAMPLE 4  Applying the Product-Sum Formulas

Evaluate cos 3% — cos <5 using a product-sum-formula.

SOLUTION
Using Equation (8), we have

Cos?—g—cos%=—25m%sin%

1__ 42
2

— </’ Progress Check

Evaluate

. 1lrx . Sm
SIDT— smﬁ

using a product-sum formula.

Answer

Jz

2
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Exercise Set 8.4 I——————————

In Exercises 1-8, express each product as a sum or
difference.

1. 2sin Sa cos a 2. =3 cos 6x sin 2x
3. sin 3x sin (—2x) 4. cos 7t cos (—3t)
5. =2 cos 28 cos 50 6. sin % sin %

7. cos (@+ B) cos (@a—fB) 8. —sin 2u cos 4u

In Exercises 9-12, evaluate each product by using a
product-sum formula.

7 Sr

9. cos 5 sin 3 10. cos % Ccos %

. 137 .. 11w
12. sin 12 Sin 45~

11. sin 120° cos 60°

In Exercises 13-20, express each sum or difference
as a product.

13. sin 5x + sin x 14. cos 8t — cos 2t

15. cos 26 + cos 60
17. sin (@ + B) + sin (e — B)

X e 3X
18. cos 5 —C0s 5

16. sin S5a — sin 7«

19. sin 7x — sin 3x 20. cos 56 + cos 36

In Exercises 21-24, evaluate each sum by using a

product-sum formula.
o o . Sr T
21. cos 75" + cos 15 22. sin 45 +sin 75

137 St

3r b8 . .
24. sin p —sinyy

23. cos 4 —cosy

In Exercises 25-34, verify the identities.
25. sin 40° + sin 20° = cos 10°

26. cos 70° — cos 10° = —sin 40°
sin 54 —sin 36

27. cos30—cos5d Ot 40
28, PR~ —tan
29, SmE=dns o sit
s0. Smsrent g 541

sin50° —sin10° _
31. cos50° —cos10° — V3

32. 2sin (6+%) sin (6—%) = —cos 20

33 cotx —tanx

- CosxFtanx — COS2X

34. cos 6x cos 2x + sin? 4x = cos? 2x

35. Express sin ax cos bx as a sum.

36.
37.

38.

EXpI‘ESS COSs ax cos bx as a sum.

Prove the product-sum formulas given in
Equations (2), (3), and (4).

Prove the product-sum formulas given in
Equations (6), (7), and (8).
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8.5 Trigonometric Equations

Thus far, this chapter has dealt exclusively with trigonometric identities. We now
seek to solve trigonometric equations that may be true for some values of the vari-
able but not for all values.

We have seen that algebraic equations may have just one or two solutions.
The situation is quite different with trigonometric equations. Since trigonometric
functions are periodic by nature, if we find one solution, there must be an infinite
number of solutions. To deal with this situation, we first seek all solutions t such
that 0 <t < 2x. Then, for every integer n, t + 27n is also a solution. The following
example illustrates this procedure for finding the solution set.

EXAMPLE 1  Solving a Trigonometric Equation

Find all solutions of the equation cos t = 0.

SOLUTION
The only values in the interval [0, 27) for which cos ¢t = 0 are 5 and 37” Then every
solution is included among those values of t such that

t= % +27mn or t= 37” + 27n, n an integer

Since 37” =7 + &, the solution set can be written in a more compact form as

t= % + 7n, n an integer

Factoring provides an important technique for solving trigonometric equa-
tions. If we can write the equation in the form P(x)Q(x) = 0, we can find the solu-
tions by setting P(x) = 0 and Q(x) = 0.

It may also be helpful to think of substituting a new variable for some trigo-
nometric expression. Thus, the equation

4sin®x+3sinx—1=0
can be viewed as a quadratic in u
4 +3u—-1=0

by substituting u = sin x.

EXAMPLE 2 Restricting the Solutions of a Trigonometric Equation

Find all solutions of the equation 2 cos’> t—cos t — 1 =0 in the interval [0, 27).

SOLUTION
Factoring the left side of the equation yields

(2cost+1)(cost—1)=0

Setting each factor equal to O, we have
2cost+1=0 or cost—1=0

so that

cost:—j or cost=1
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The solutions of cos t =—7 in the interval [0, 27) are t = ZT” and = 47”. The only
solution of cos t = 1 in the interval [0, 27) is t = 0. Thus, the solutions of the origi-
nal problem are

t:T, t:T’ and t=0

— <¢' Progress Check —

Find all solutions of the equation 2 sin* t — 3 sin t + 1 = 0 in the interval
[0, 27).
Answers
T St
6’ 6’2
& —

If the solutions of the trigonometric equation are angles, the answer may be
given in either radians or degrees.

EXAMPLE 3  Expressing Solutions in Radians and Degrees

Find all solutions of the equation tan @ cos* # — tan 6 = 0.

SOLUTION
Factoring the left side yields

(tan )(cos?8—1)=0
Setting each factor equal to O,
tand=0 or cos’f=1
so that
tan 4 =0, cosd=1, or cos 0=-1
These equations yield the following solutions in the interval [0, 27).
tand=0: 6=0 or O=nr
cosfd=1: 0=0
cosf=-1: O=r
The solutions of the original equation are
0=0+2rn and O=x+2nun, n an integer
which can be expressed more compactly as
0 = nn, n an integer
In degree measure, the solutions are

0=180"n, nan integer
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EXAMPLE 4  Expressing Restricted Solutions in Radians and Degrees

Find all solutions of the equation sin 26 — 3 sin § = 0 in the interval [0, 27) and
when 0° < 4 < 360°.

SOLUTION
Using the identity sin 26 = 2 sin 6 cos 0, we have

2sinfcosf—3sinfd=0
sinfd (2cosf—3)=0
sin =0 or 2cos0—3=0
sin =0 or COS&Z%
The equation cos 6 = 3 has no solutions. The solutions of sin # = 0 are § = 0 and
0 = n. Therefore, the solutions of the original equation are
0=0 and 0=r.
Equivalently, in degree measure, the solutions are
0=0° and 0=180".

— <«’ Progress Check —

Find all solutions of the equation cos 26 + cos 6 = 0 in both radians and

degrees.

Answers

% +27n, T+ 27n, ST” +2mn or 60°+360°n, 180° +360°n, 300° + 360°n
\ E——

Equations involving multiple angles can often be solved by using a substitu-
tion of variable. The following example shows what may occur when seeking solu-
tions in the interval [0, 27).

EXAMPLE 5  Substitution of a Variable in Trigonometric Equations

Find all solutions of the equation cos 3x = 0 in the interval [0, 27).

SOLUTION

We are given
cos 3x =0, 0<x<2r

Substituting t = 3x, we obtain
cost=0, 0S%<27r

or
cost=0, 0<t<eér

Note that we seek solutions of cos t = 0 in the interval [0, 6) rather than [0, 27).

The solutions are then

f=Z 3r St 7rx 9r 1lrx
2'°2 7202022
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. t .
Since x = 3, we obtain

 When you perform a substitution of variable, you must remember to go back
: and express the answers in terms of the original variable. :

EXAMPLE 6 Substitution of Variable

Find all solutions of the equation
3tan’x+tanx—1=0

in the interval [0, 7).

SOLUTION

Since the equation does not factor easily, consider u = tan x. Then we obtain
3w +u—1=0

From the quadratic formula,

_—1+4/13
p=_—_EV1S
6
so that
tan x = %
Therefore,

tan x =~ 0.4342586 and tan x =~ —0.7675919

in which case
x ~ tan~! 0.4342586 ~ 0.4096865

and
x =~ tan ! (—0.7675919) ~ —0.6546652
Although the first value for x is in the interval [0, 7), the second value for x is not.

In fact, this second value is in the interval (=7, 5 ), the range of tan"' x. Since the
period of tan x is «,

x =~ —0.6546652 +
~ 2.4869275

is also a solution. Observe that this new value for x is in the interval [0, 7). Thus
the solutions in the given interval are x ~ 0.4097 and x =~ 2.48609.
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Exercise Set 8.5 I

In Exercises 1-20, find all solutions of the given
equation in the interval [0, 277) and on [0°, 360°).

1. 2sinf—-1=0 2.2cos+1=0
3. cosa+1=0 4. coty+1=0
5. 4cos’a=3 6. tan’?0 =3

7. 3tan’a=1 8. 2cos’a—1=0
9. 2sin? B=sin B 10. sin ¢ = cos «

11. 2cos’d—3cos@+1=0
12. 2sin?f—sinf@—-1=0

13. sin 30 =1 14. tan 38 =—y3
15. 2sine—3cosa=0 16. 2cos’f—1=sinf
17. csc20=2 18. cos?® Za/Z%

19. sin? 3+3cos 3—3=0
20. 2 cos’ftan f —tan 6 =0

In Exercises 21-38, find all the solutions of the giv-
en equation.

21. 3tan’x—1=0 22. 2sin*y—1=0
23.3cot?0—-1=0 24. 1—4cos’t=0
25.sec2u—2=0 26. tan3x—1=0
27. sin 4x =0 28. cos 5St=-1

29. 4 cos’2t—3=0 30. csc?2x—2=0
31.sin2t+2cost=0 32. sin2t+3cost=0
33. cos 2t +sint=0 34. 2cos2t+2sint=0
35. tan’x —tan x =0

36. sec’x—3secx+2=0

37. 2sin’x+3sinx—2=0

38. 2cos’x—5cosx—3=0

In Exercises 39-42, solve the equations on the in-
terval [0, 27) and state the solutions to two decimal
places.

39. 5sin?x—sinx—2=0
40. sec’y—5secy+6=0
41. 3tan*u+5tanu+1=0

42. cos*t—2sint+3=0
In Exercises 43-46, find the approximate solutions
of the given equation in the interval [0, 27) by

finding the point(s) of intersection of appropriate
graphs on your graphing calculator.

43, cosx=x 44, sin x = cos x

45, tanxzs—%x2 46.3cos%:x2—3
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Chapter Summary

Key Terms, Concepts, and Symbols .
addition formulas 472 identities 465 trigonometric expressions 465
cofunctions 474 product-sum formulas 484 trigonometric formulas 472
double-angle formulas 478 subtraction formulas 472 trigonometric identities 465
fundamental identities 466 sum-product formulas 485
half-angle formulas 481 trigonometric equations 465
Key Ideas for Review .
Topic Page Key Idea
Trigonometric Identity 465 A trigonometric identity is true for all values that may be assumed by the
variable.
Fundamental 466 The fundamental identities are trigonometric identities that are directly re-
Identities lated to the definitions of the trigonometric functions.
Verification of 467 The fundamental identities can be used to verify other trigonometric iden-
Identities tities. The techniques frequently used to verify identities include:

1. factoring

2. writing trigonometric functions in terms of sine and cosine.

3. performing some of the indicated operations and simplifying compli-
cated expressions

4. multiplying numerator and denominator of some fraction involving
trigonometric functions by some trigonometric expression to obtain
forms such as 1 —sin? 8, 1 — cos? 8, or sec? § — 1, which can be further
simplified.

Trigonometric Formulas 472 Some of the most useful trigonometric formulas are the following.
Addition Formulas 472 sin (s +t) =sin s cos t + cos s sin t

cos (s +t) =cos s cos t—sin s sin t

tan (s+1t) = %
Double-Angle 478 sin 2t = 2 sin t cos t
Formulas cos 2t = cos’t — sin? t
tan 2t = 1 z—t?arrlltzt

Half-Angle Formulas 481 sin 5 = i\/i %

tan
Trigonometric 488 Since the trigonometric functions are periodic, a trigonometric equation
Equations has either no solution or an infinite number of solutions.
Restricted Solutions 488 Sometimes the solutions to a trigonometric equation are restricted to a spe-

cific interval.
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Review Exercises

In Exercises 1-3, verify the given identity.

1. sinfsecfd+tan =2 tan @

2
COoSs™ X
2. 1 —sinx

—— =1 +si
—sinx 1+ sinx

3. sin @ + sin @ cot® @ = csc @

In Exercises 4-7, determine the exact value of the
given expression by using the addition formulas.

4. sin(%+%) 5. cos (45° +90°)
6. tan (%4‘%) 7. sin%

In Exercises 8-11, write the given expression in
terms of cofunctions of complementary angles.

8. csc 15° 9. cos 23°
10. sin % 11. tan ZTE

12. If cos § = —15 and 0 < @ < 180" find sin
(r—0).

13. Ifseca = % and « lies in quadrant IV, find

csc(a+%).

14. Ifsint= —% and P(t) is in quadrant III, find
tan (t+ 7).

15. Ifcosa = —% and tan 8 = —5, with angles @
and B in quadrant II, find tan (e + B).

16. If sin x = % and cscy = %, with P(x) in
quadrant II and P(y) in quadrant I, find
cos (x — y).

17. If cscu = f% and P(u) is in quadrant 1V, find
cos 2u.

18. If tan ¢ = —3 and 0 < & < 180° find sin 2a.

19. If sin 2t = % and P(2t) is in quadrant I, find
sin 4t.
20. If sin = 0.5 and 5 < 0 < r find sin 26.

21. If cos % =% and 0 is acute, find sin 6.

22, If sina = —% and « is in quadrant III, find
a
COs 5.

T
23. Ifcot t= —% and P(t) is in quadrant IV, find
tan 5.
24. If cos 4x = % and P(4x) is in quadrant 1V, find
Cos 2x.

235. Find the exact value of cos 15° by using a half-
angle formula.

26. Find the exact value of sin § by using a half-
angle formula.

27. Find the exact value of tan 112.5° by using a
half-angle formula.

In Exercises 28-30, verify the given identity.
28. cos 30x =1 — 2 sin® 15x

1. _ siny a _ 1—cosa
29. 5 sin 2y = secy 30. tan 5 =~
3a

31. Express sin <" sin 5 as a sum or difference.
32. Express cos 3x — cos x as a product.

33. Evaluate sin 75° sin 15° by using a product-
sum formula.

34. Evaluate cos 2F + cos = by using a product-
sum formula.

In Exercises 35-37, find all solutions of the given
equation in the interval [0, 27). Express the an-
swers in radian measure.

35.2cos’a—1=0

36. 2sinfcos =0

37.sin 2t—sint=0

In Exercises 38-40, find all solutions of the given
equation. Express the answers in degree measure.
38. cos’a—2cosa=0

39. tan3x+1=0

40. 4 sin*2t=3

41. Find the approximate solutions of
x sin x = 10 — x* in the interval [0, 27) by find-
ing the points of intersection of appropriate
graphs on your graphing calculator.
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Review Test ]
1. Verify the identity 4 — tan® x = 5 — sec? x.

In Exercises 2 and 3, determine exact values of the

given expressions by using the addition formulas.

2. cos (270° + 30°) 3. tan(%—%)

4. Write sin 47° in terms of its cofunction.

5. If cos # =+ and 6 lies in quadrant 1V, find
sin (8 — 7).

6. Ifsinx = —1% and tan y = % with angles x and
y in quadrant 1], find tan (x — y).

7. Ifsinv= —% and P(v) is in quadrant IV, find
cos 2v.

8. If cos 2a = —% and 2« is in quadrant II, find
cos 4a.

9. If csc @ = -2 and « is in quadrant III, find
a
COS 5.

10. Find the exact value of tan 15° by using a half-
angle formula.

11. Verify the identity
inX=24nxX X
sin g = 2 sin g Cosg
12. Express sin 2x + sin 3x as a product.

13. Express sin 150° — sin 30° by using a product-
sum formula.

14. Find all solutions of the equation 4 sin® @ = 3
in the interval [0, 27). Express the answers in
radian measure.

15. Find all solutions of the equation
sin? @ — cos® @ = 0 and express the answers in
degree measure.








